RETURN ON AUERBACH THEOREM ABOUT BOUNDED LINEAR
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ABSTRACT. This work revisits the theorem given in 1932 by Auerbach about bounded
linear groups.

1. INTRODUCTION

In 1932 [1], Auerbach proved that in any finite vector space each bounded linear group
left invariant a quadratic and positive form. This work revisits his proof with modern
notation, and aims at paying attention to weaknesses. Only the real field R is treated
here.

2. DEFINITIONS AND THEOREM

The vector space, noted F, is considered on the real field R and of finite dimension. Its
norm is general, so it can be non-euclidean. So F is a finite Banach space.

Definition 1. A quadratic form is defined as an application  : E — R, such that
Q (r) = B (x, ), for some bi-linear and symmetric form B : E x £ — R.

Definition 2. A quadratic form is said “positive” if Vo € E,x # 0 = B (z,z) > 0.

The set of linear applications over E is a vector space L (E). Also the norm of E
induces a norm on L (E) as follows.

Definition 3. The norm of a linear application A : E — FE is defined as:
1Al £ Inf{c € R:Vx € B, |lga|| < c|lz||}

Definition 4. A linear group G is said “bounded” if Sup{||g| : g € G} < 0.

Theorem 5. If G is a bounded linear group then there exists a quadratic and positive
form Q that is invariant by G: Yg € G,Vx € E,Q (g9x) = Q (x).

3. AUXILIARY DEFINITIONS, LEMMAS, AND PROOF PLAN

Let us rephrase the proof of [1].
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3.1. The set of quadratic forms is a vector space Q (F). To each quadratic form
() one associates a bi-linear and symmetric form B, such that @ (z) = B (x,z). This
association is unique.

Indeed:

Qr+y)=B+yr+y) =B(x,z)+B(yy) +2B(zr,y) =Q () +Q(y) + 2B (z,y)
So:

Blry)= 1 (@Q+1) - Q) - Q)

It follows that the linear combination of two quadratic forms Q = A\ Q1 + A\2(Q2 makes
sense because associated to the following bi-linear form B = \; By + Ay B, indeed:

B (z,y) = MBi (2,y) + X\ Ba (,y)

Br.y) = 2 Qi +0) Qi (2~ Q) + 2 (Qalr+9) — Qal) — Qo (v)

Bry) =5 (Q@+y) - Q) - Q)

The neutral element () = 0 exists, which is associated to the null bi-linear and sym-
metric form.

3.2. Let us defined a norm over the vector space Q(F). Let us check that ) —
Inf{ceR:Vz e E,|Q(z) <c Hx|]2}is a norm, noting that by construction |Q (z)| <
QI - flll”.
¢ [QI=0=Vz € F Q)| <0=VrecEQ(x)=0=Q =0
. ‘V)\I’ E\ISf\MQ (@) = 1Q @) = ¥z € B,AQ ()| < A[- Q] - «]* = 1AQll =
. WSGH E,‘ngl ’(‘33) + Q2 ()] < Q1 (@) [+1Q2 ()] < (1]l + 1Q2ll) Iz ]” = Q1 + Q2 <
|+ 12

3.3. To each linear application A : £ — E one can associate a linear application
A:Q(E) — Q(E). The associated application is defined as A (Q) (z) = Q (Az), and it
is linear. Indeed:

AMQ1 + X2Q2) (z) = (MQ1 + AQs) (Az) = M@ (Az)+AQ2 (Az) = (M A (?1)

+ A (Q2)) (7).
Let us denotes this mapping ¢ : £ (F) — L (Q (F)), so that one can note ¢ (A) = A.

34.If A: E — F is non singular then be also A : Q(FE) — Q(FE). Since the
considered vector space are of finite dimensions, it is sufficient to proof that linear ap-
plications are injective in order to proof their are bijective. Or equivalently that their
kernel is reduced to the neutral element. So let us search for the kernel of the associ-
ated linear application A : Q (E) — Q(FE). Let us consider R a quadratic form in this
kernel. This means A(R) = 0 or Yz € E, R(Az) = 0. Since A is bijective this implies:
Yy € E, R (y) = 0. So one concludes that R = 0, which proofs the property.
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3.5. To any linear group G over F one associates a linear group H over Q (F).
The set H is defined as H = {q(g) : g € G}. It has been proved that for any A, A = q(A)
is a linear application. So each member of H is a linear application. Let us check the
axioms of a group for H:

e The composition .4;.4; of two linear applications over Q (£) is a linear application
over Q (F), and with A; = ¢ (g;) and Ay = ¢(g2) , one obtains A; Ay = q(g192)-
So the set H is stable by composition of its elements.

e The identity of GG induces the identity of H.

e Each regular application g of G over FE induces a regular application ¢ (g) of H
over Q (F). So each element of H has an inverse inside H.

3.6. The linear group H is bounded. Indeed:
e For each h € H, there is g € G such that h = ¢(g).
¢ l2(9) (@Il = Inf {c €R:Va € B,[Q (g92)| < clal}.

« But for v £0, Q(g0) = oo+ @ (1227) = el oz ]| - @ (%),
o Considering that | (1) | < Q] and ||g;Z; | < gl one gets |Q (92)] < QI

lgll - llz]*.

e 50 [lg(9) (@)l = 1€l - llg]l-
e So for each h € H, ||h|| = ||g|| with A = q(g).

e Since GG is bounded then be also H.

3.7. The set of positive quadratic forms is convex. Indeed if (); and ()5 are two
quadratic and positive forms then be also A\;Q; + A\2@Q)s for any positive reals A\; > 0 and
Ay > 0. As well for convex combination where \; + Xy =1 and A; > 0 and Ay > 0.

3.8. Action of H on a given positive quadratic form. Let us select a quadratic
and positive form )y, so being not null. And let us consider the set of quadratic forms
H(Qo) £ {h(Qo):he H} ={q(g) (Qo) : g € G}. This set is not empty since it contains
at least the action of the identity that leads to the element Q).

3.8.1. All elements of H (Qo) are positive quadratic forms. Indeed:
3.8.2. H(Qo) is a bounded set for the norm of Q (F). Indeed:
o Vh e H,[|h(Qo)ll < [|2[] - [|Qol|-

e Since H is bounded then be also H (Qy).
3.8.3. Let us defined H (Q,) the convex extension of H (Q ). It is defined as follows:
Qo) 2 {Ximyn MQi: Qi € H(Qo) A2 0,5y, A\ = 1
Each element of H (Qo) is also definite positive.

3.8.4. H (Qq)is bounded. Indeed:

|2 n@]| < S d 1@l < (S As) Maz {1l 21 € [Lnl} = Maa {1Qil <1 € [L,n]} <
IQoll - Maz {|1b] : h € H)

3.8.5. H (Qo)is an invariant set by H. Indeed: Vh € H, h <Ei:17n )\Z-Qi) =i Nih (Q) =
Zi:l,n )\sz with Rz cH (QO)
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3.8.6. If H (Qy) is a finite set. Let us construct a special element Qo , the gravity center

A

of H(Qy), as Qo = %Zi:l,n Qi, where H (Qo) ={Q; :i € [1,n]} .
Then Q) is invariant under H. Indeed: Vh € H, h (Q()) = %Zi:m h(Q) =12 > icin Qs

n
since h is bijective.

3.8.7. If H (Qo) is a not a finite set. Also in this general case, Auerbach claimed that it

should be possible to define the gravity center QO of H (Qo) and to proof its invariance
under H. However Auerbach did not elaborate on this case.

4. ANALYSIS AND COMMENTS OF THE PROOF

The strategy of the proof is to explicitly construct one positive quadratic form QO that
is left invariant by the bounded linear group G. For that purpose, to the bounded linear
group G operating over the normed vector space F, it is associated the bounded linear
group H operating over the normed vector space Q (F). Then one considers the action
of the group H on a given definite positive form Qp. The convex extension H (Qo) of the
orbit H (Qo) is bounded and globally invariant under the bounded linear group H. It
is expected to construct a point Qg of H (Qo) that is invariant under H, as the gravity
center of H (Qo). This is trivial when the group G is finite, since the group H is also
finite, as well as the orbit H (Q)y). But when the group G has infinite number of elements,
being bounded does not tell enough for being able to make sense for “integration”. This is
when the “Haar measure” enters in the game. Or, maybe there is the option of proving the
existence of the point @y without constructing it explicitly? Could a fixed point theorem
(applicable to Banach space) work (like Sauder and Tychonoff)? Either “integration” or
“continuity” path would require some topology property of the group G, then transported
to the group H.

5. LICENSE

This work by Lucas Borboleta (http://lucas.borboleta.blog.free.fr) is licensed under a
Creative Commons Attribution-ShareAlike 3.0 Unported License (http://creativecommons.org/licenses/

sa/3.0/).
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[1] Auerbach. Sur les groupes bornés de substitutions linéaires. Comptes Rendus de I’Académie des Sci-
ences, xxx:1367-1369, 1932.
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